ABSTRACT. We show that over any field k, a smooth unipotent algebraic k-group is special if and only if it is k-split.
Theorem 1.1. Let G be a smooth unipotent algebraic group over a field k. Then G is special if and only if G is k-split.
Our main result provides an affirmative answer to [T, Question 1.4 ] on a simple characterization of special unipotent groups over an arbitrary field. M. Huruguen [Hu] provides a general classification result for special reductive groups over an arbitrary field. He also applies this result to obtain explicit classifications for several classes of special reductive groups such as special semisimple groups, special reductive groups of inner type and special quasisplit reductive groups. R. Achet [A] , as a corollary of his main result, proves Theorem 1.1 in the particular case of unipotent groups of dimension 1, by a different method.
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PROOF OF THE MAIN RESULT
2.1. Some results of Tits on the structure of unipotent algebraic groups. We first recall some results of Tits concerning the structure of unipotent algebraic groups over an arbitrary (especially imperfect) field of positive characteristic, see [Oe, Chapter V] and [CGP, Appendix B] .
Let G be a smooth connected unipotent algebraic group over a field k of characteristic p > 0. There is a maximal k-split k-subgroup G s , and it enjoys the following properties: it is normal in G, the quotient G/G s is k-wound and the formation of G s commutes with separable (not necessarily algebraic) extensions, see [Oe, Chapter V, 7] and [CGP, Theorem B.3.4] .
Also there exists a maximal central smooth connected p-torsion k-subgroup of G. This group is called the cckp-kernel of G and denoted by cckp(G) or κ(G).
The following statements are equivalent:
(1) G is wound over k, (2) κ(G) is wound over k.
If the two equivalent statements are satisfied then G/κ(G) is also wound over k ( [Oe, Chapter V, 3.2] ; [CGP, Appendix B, B.3] ).
is a p-polynomial if every monomial appearing in P has the form c ij T
is a p-polynomial over k in r variables, then the principal part of P is the sum of the leading terms of the P i . Proposition 2.2 (see [Oe, Ch. V, 6.3, Proposition] and [CGP, Proposition B.1.13] ). Let k be an infinite field of characteristic p > 0. Let G be a smooth unipotent algebraic k-group of dimension n. Assume that G is commutative and annihilated by p. Then G is isomorphic (as a k-group) to the zero scheme of a separable nonzero p-polynomial P over k. If we assume further that G is k-wound then we can choose the polynomial P such that its principal part vanishes nowhere over k n+1 \ {0}.
2.2. Wound unipotent groups. In this subsection we always assume that G is a smooth unipotent algebraic group over a field of characteristic p > 0.
Lemma 2.3. Suppose that G is nontrivial, k-wound, commutative and annihilated by p. Then G is not special.
Proof. Since G is nontrivial and k-wound, this implies that the ground field k is imperfect. In particular k is infinite.
By Proposition 2.2, G is k-isomorphic to a k-subgroup of G r a , where r = dim G + 1, which is the zero set of a separable p-polynomial P(T 1 , . . . ,
vanishes nowhere over k r \ {0}. From the exact sequence of k-groups
Let k((t)) be the field of formal Laurent series in variable t, and let v be the t-adic valuation on k((t)).
Proof of Claim: Suppose that t −1 = P(α 1 , . . . , α r ) for some α 1 , . . . , α r ∈ k((t)). Then there is some i such that v(α i ) ≤ −1. We set
Then m ≤ −p < −1. We set which contradicts the fact that P princ vanishes nowhere over k r \ {0}.
The above claim implies that H 1 (k((t)), G) is nontrivial. Hence G is not special.
Lemma 2.4. Let k be a field, G a smooth affine algebraic k-group. Let U be a normal unipotent k-subgroup of G. Then the natural map
is surjective. Furthermore, if in addition that U is k-split then ϕ is a functorial bijection.
Proof. See [Oe, Chapter IV, 2.2, Remark 3] for the first statement. See [GM, Lemma 7.3] for the second statement.
Lemma 2.5. Suppose that G is connected, nontrivial and k-wound. Then G is not special.
Proof. We proceed by induction on dim G. We first suppose that G is commutative, annihilated by p. Then G is not special by Lemma 2.3. Now we suppose that G is either not commutative or not annihilated by p. Let κ(G) be the cckp-kernel of G. Then by [CGP, Appendix B, Proposition B.3 
is surjective. This implies that H 1 (L, G) is nontrivial. Therefore G is not special.
Smooth non-connected unipotent groups.
In this subsection we provide an alternative proof for the fact that smooth special unipotent group over a field k is connected. Since every smooth unipotent group over a field of characteristic zero is connected, we may and shall assume that k is of characteristic p > 0. Some material in this subsection will be taken from [T, Section 3] .
Recall that the Frattini subgroup Φ(G) of an abstract finite group G is the intersection of the maximal subgroups of G. It is a characteristic subgroup, i.e., it is invariant under every automorphism of G and if
To give a finite étale k-group scheme G is the same as to give a finite abstract group G with a continuous action of Gal(k s /k) (for example see [Wa, 6.4, Theorem] . Note also that via this correspondence the order of G is equal to the order of G as an abstract group. Since the Frattini subgroup H = Φ(G) of G is invariant under the action of Gal(k s /k), H with this Galois action defines a finite k-subgroup H of G, it is also called the Frattini subgroup of G. If G is a finite étale group scheme of p-power order, then G/H is commutative and annihilated by p. Lemma 2.6. Let G be a nontrivial finite étale k-group scheme of p-power order. Then G is not special.
Proof. Let H be the Frattini subgroup of G. Then G/H is a nontrivial finite étale kgroup scheme, which is commutative and annihilated by p. Hence G/H is not special by Lemma 2.3. Thus there exists a field extension L over k such that H 1 (L, G/H) is nontrivial. Then Lemma 2.4 implies that H 1 (L, G) is nontrivial, and hence G is not special.
Lemma 2.7. Let G be a smooth non-connected unipotent k-group. Then G is not special.
Proof. Let G • be the connected component of G. Then G/G • is a nontrivial finite étale k-group scheme (for example, see [Wa, 6.7, Theorem] . Because G/G • is unipotent, it is also of p-power order. Hence G/G • is not special. Thus there exists a field extension L over k such that H 1 (L, G/G • ) is nontrivial. Then Lemma 2.4 implies that H 1 (L, G) is nontrivial, and hence G is not special.
Proof of Theorem 1.1.
Proof. We may assume that k is imperfect. Suppose that G is special. By [Se, §4, Theorem 1] or Lemma 2.7, G is connected. Let G s be the k-split part of G. Then the quotient G/G s is k-wound. On the other hand, Lemma 2.4 implies that G/G s is special. Hence G/G s is trivial by Lemma 2.5. Therefore G = G s is k-split.
Remark 2.8. One may define that for any group scheme G of finite type over k, G is special if and only if H 1 f pp f (K, G) = 1 for every field extension K over k. Then [TV, Theorem 1.2] implies that if G is special, then G is smooth.
